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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract
Using an efficient umerical approach, a model rendering the initiati n of asymmetric crack patterns in open-hole plates subject to
combined tensile and in-plane bending loading is presented. In the framework of finite fracture mechanics a stress and an energy
criterion are enforced simultaneously and used as a coupled condition for the formation of cracks of finite size. Using closed-form
expressions for the dependence of the stress and energy quantities needed to solve the coupled criterion on the structural and material
parameters, only a limited number of linear elastic finite element analyses is required for a comprehensive analysis of the notched
plate. The failure load predictions of the presented model are shown to agree well with experimental results and predictions of a
cohesive zone model. The finite fracture mechanics approach allows for a study of crack patterns associated to failure.
c© 2016 The Authors. Published by Elsevier B.V.
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1. Introduction
Stress raisers such as open-holes or rounded notches can be found in almost any structure. Due to the local stress
concentration, they constitute prominent locations for crack initiation. The non-singular nature of the stress field,
however, leads to vanishing energy release rates such that classical fracture mechanics concepts as the Griffith criterion
(Griffith, 1921) cannot be applied directly. An additional non-physical length parameter as e.g. an existing finite sized
crack or internal flaw (Waddoups et al., 1971) needs to be assumed. In order to render size effects, stress based criteria
need to be evaluated at a certain distance from the stress concentration as proposed by Whitney and Nuismer (1974).
In the framework of finite fracture mechanics (FFM), the need for an empirical length scale can be eliminated. Here,
the instantaneous initiation of cracks of finite size is assumed if both, a stress and an energy criterion are satisfied
simultaneously. This so-called coupled criterion proposed by Leguillon (2002) requires only the two fundamental
material properties strength and fracture toughness to study the onset of brittle fracture. It allows for the assessment of
arbitrary crack initiation patterns and provides the finite crack sizes as well as the critical load.
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Fig. 1. Open-hole plate subjected to normal force N and in-plane bending loading M. The plate is of width w, length l, unity thickness and has a
center hole of radius r. Cracks of the lengths ∆a(i) are expected to occur. A homogeneous, isotropic material of Young’s modulus E and Poisson’s
ratio ν is assumed.
The coupled criterion has been successfully applied by many researchers in order to investigate cracking of various
structural situations such as cracks originating from U-notches (Hebel and Becker, 2008; Andersons et al., 2010;
Carpinteri et al., 2012; Cicero et al., 2012), bolted (Catalanotti and Camanho, 2013) or adhesive joints (Weißgraeber
and Becker, 2013; Hell et al., 2014; Stein et al., 2015; Carrère et al., 2015), open-holes in composite plates subject
to uniaxial tension and compression (Camanho et al., 2012; Martin et al., 2012; Erçin et al., 2013; Romani et al.,
2015) and elliptical holes (Weißgraeber et al., 2015). Weißgraeber et al. (2016) give a comprehensive review of the
applications of finite fracture mechanics and the coupled criterion.
In real structures uniaxial tension loading is rather a special case. The present work uses a numerical approach in
order to extend the application of the coupled criterion to crack initiation at open-holes under more general loading. An
arbitrary superposition of tensile and bending loading is considered such that asymmetric crack patterns are expected to
occur. The approach includes both limit cases: uniaxial tension and pure bending.
2. Open-hole plate under tensile and bending loading
The present study examines a brittle open-hole plate of unity thickness, width w, length l and a circular center hole
of the radius r, as depicted in Fig. 1. Under the combined tensile N and in-plane bending loading M at least one of the
three cracks ∆a(1), ∆a(2) or ∆a(3) is expected to emanate.
The chosen numerical approach requires a parametric study of the structural parameters. For an efficient analysis,
the use of the parameters introduced in the following proved advantageous. As a measure of the proportion of tensile
and bending loading
Λ =
√
ΠiM
ΠiM + Π
i
N
, Λ ∈ [0, 1] , (1)
is defined, where ΠiN denotes the strain energy due to pure tensile loading and Π
i
M due to pure in-plane bending,
respectively. In order to express Λ in terms of normal force and bending moment, the strain energy of an Euler-
Bernoulli-beam is considered. A useful measure for the ratio of tensile and bending loading is obtained, although, of
course, the Euler-Bernoulli theory does not apply to the notched section of the beam. The denominator of the newly
obtained expression for Λ is used as the total loading parameter P:
Λ =
M√
M2 + w212N
2
, P =
√
M2 +
w2
12
N2 . (2)
In subsequent sections, Eq. (2) will be used as the definition of Λ. The two quantities, Λ and P, allow for the
characterization of both, the tensile and the bending loading:
N = 2
√
3
P
w
√
1 − Λ2 , M = ΛP . (3)
The non-dimensional hole size ω, which corresponds to the fraction of hole diameter 2r and width w reads
ω =
2r
w
, ω ∈ [0, 1) . (4)
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In order to ensure that any disturbance in the stress and displacement fields will decay sufficiently to the ends of the
plate where the loads are applied, a constant ratio of length to width
l
w
= 2(1 + 4ω) , (5)
is chosen. This is in accordance to Saint-Vernant’s principle. The non-dimensional crack lengths
δ(i) =
2∆a(i)
w(1 − ω) , 0 ≤ δ
(i) ≤ 1 , i = 1, 2, 3 , (6)
are defined as the fraction of the dimensional crack lengths ∆a(i) and the distance between hole and edges. The
additional restriction
0 ≤ δ(1) + δ(2) ≤ 1 , (7)
applies to the sum of the cracks on the bending tension side of the hole (cf. Fig. 1) as they share the same ligament.
As discussed in Section 5, the simultaneous appearance of three cracks is observed for only a few, isolated parameter
configurations. Therefore, only patterns of two cracks are investigated. The simultaneous initiation of only ∆a(1) and
∆a(3) (cf. Fig. 1) is not expected and excluded. The crack pattern for which only cracks at the hole, ∆a(2) and ∆a(3), are
present is referred to as configuration A. It is typical for pure tension or weak bending. Crack pattern B corresponds
to the configuration where the edge crack ∆a(1) and the crack at the hole on the bending tension side ∆a(2) emanate.
Moreover, since the stress concentration at the hole on the bending tension side dominates for most loading and
geometry cases, ∆a(2) is expected to be present in most crack configuration patterns. It is therefore advantageous to
introduce a crack length ratio ψ for both crack configurations, which relates the cracks ∆a(1) and ∆a(3) to ∆a(2):
ψA =
δ(3)
δ(2) + δ(3)
=
∆a(3)
∆a(2) + ∆a(3)
, ψA ∈ [0, 1] , (8)
ψB =
δ(1)
δ(1) + δ(2)
=
∆a(1)
∆a(1) + ∆a(2)
, ψB ∈ [0, 1] . (9)
Both crack length ratios incorporate the limit case of exclusive appearance of ∆a(2) for ψA,B = 0. ψA = 1 corresponds
to a sole existence of ∆a(3) and ψB = 1 to the sole existence of ∆a(1).
In total, a set of nine parameters fully describes the plate’s geometry, material, loading and possible crack patterns.
These are the width w, the relative hole size ω, the load P, the fraction of bending Λ, the non-dimensional crack
length δ(2) and the crack lengths ratio parameters ψA and ψB as well as the Young’s modulus E and the Poisson’s ratio ν.
3. Finite fracture mechanics failure model
In contrast to linear elastic fracture mechanics or pure strength of materials assessments, finite fracture mechan-
ics (FFM) is capable of modeling brittle crack initiation at arbitrary stress concentrations without the need for a
non-physical length parameter. The coupled criterion proposed by Leguillon (2002) enforces the simultaneous satisfac-
tion of a stress and an energy criterion
F(σi j(x)) ≥ σc ∀ x ∈ Ω(∆A) ∧ G¯(∆A) ≥ Gc , (10)
where Ω(∆A) is the potential crack surface of the finite sized crack and F(σi j(x)) an appropriate equivalent stress
function for the structural situation. The incremental energy release rate
G¯ = 1
∆A
∆A∫
0
G(A˜) dA˜ = −∆Π
∆A
, (11)
relates the finite change in potential energy ∆Π to the finite crack growth ∆A. For infinitesimal crack growth it reverts
to the well known differential energy release rate G. Thus, the incremental energy release rate can be obtained from the
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Fig. 2. FEA half-model. Quantities with a hat are constant for all analyses. Fig. 3. True to scale rendering of the finite element mesh.
differential energy release rate through integration, see Eq. (11). Using two necessary conditions for crack onset the
coupled criterion, Eq. (10), provides the two unknowns, the critical load and the finite crack size – requiring only the
two fundamental material properties strength σc and toughness Gc. There is no need for empirical length parameters.
For the present plate of unity thickness the finite crack size ∆A reverts to a finite crack length ∆a. As depicted in
Fig. 1, at least one of three cracks is expected to emanate. The crack configuration can be described using the crack
lengths vector
∆a =
[
∆a(1), ∆a(2), ∆a(3)
]T
, (12)
composed of the three possible crack lengths. The surface of a certain crack pattern is denoted as Ω(∆a). The energy
criterion for the initiation of multiple cracks reads
G¯ (∆a) = −∆Π
∆a(1) + ∆a(2) + ∆a(3)
≥ Gc , (13)
where ∆Π is the difference in total potential energy between the uncracked and cracked configuration. Cracked denotes
configurations for which at least one of the three crack lengths ∆a(i) is non-zero. The original proposal of the coupled
criterion (Leguillon, 2002), involves a point-wise stress evaluation. The equivalent stress function is required to exceed
the strength on every point of the potential crack surface. Therefore, it will be referred to as point method (PM-FFM).
Using the point method yields the coupled criterion for the present problem in the form
σI(y) ≥ σc ∀ y ∈ Ω (∆a) ∧ G¯ (∆a) ≥ Gc , (14)
where σI is the maximum principal stress chosen as the equivalent stress function due to the pure mode I crack opening.
As an alternative approach Cornetti et al. (2006) suggested to average the equivalent stress function over the finite crack
lengths ∆a(i). This yields the coupled criterion in the form
1
∆a(i)
∫ ∆a(i)
0
σI(y˜) dy˜ ≥ σc ∀ i ∈ {1, 2, 3} ∧ G¯ (∆a) ≥ Gc , (15)
the so-called line method (FFM-LM).
Since to the authors’ knowledge no closed-form analytical solution for the required stress and energy quantities
is available, they are extracted from linear elastic finite element analyses using the commercial FE Abaqus 6.13 and
its Python scripting interface. The corresponding FEA model is shown in Fig. 2 and Fig. 3. For a comprehensive
analysis of the open-hole plate only the hole size and the crack lengths need to be investigated in a parametric study.
The dependencies of the stress and energy quantities on the governing parameters (cf. Fig. 2) can either be given in
closed-form or are negligible as shown in the subsequent paragraphs.
Taking advantage of the linear elastic analysis, normal force and bending moment are applied individually in separate
analysis steps. The combined stress field is obtained from the superposition of both individual loading cases. Both
individual stress fields scale proportionally to the applied loads under the Neumann type loading boundary conditions.
Since the governing Navier-Cauchy equations are scale-invariant if the boundary conditions are scaled equally to the
equations, dependencies of the stress fields on the plate’s width can be obtained easily. The stress field under normal
 P. L. Rosendahl et al. / Procedia Structural Integrity 2 (2016) 1991–1998 1995
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force loading is inverse proportional to the width whereas the stress field due to in-plane bending loading scales inverse
proportional to the square of the width. For arbitrary loading and structure size we obtain the total stresses as
σ = σN + σM =
N
Nˆ
wˆ
w
σˆN +
M
Mˆ
(
wˆ
w
)2
σˆM =
P
Pˆ
(
wˆ
w
)2 (√
1 − Λ2 σˆN + Λ σˆM
)
, (16)
where P and Λ are the loading parameters introduced in Eq. (2). Quantities with a hat denote parameters and solutions
of the reference FE analysis. Respecting the same scaling and boundary conditions for the energy quantities as for
the stresses an inverse proportionality of the total energy potential with respect to the Young’s modulus is obtained.
The strain energy due to normal force loading is scale-invariant with respect to the width. The strain energy under
bending loading is inverse proportional to the square of the width. The impact of the Poisson’s ratio within the bounds
of 0.3 ≤ ν ≤ 0.4 on the potential energy is negligible (< 0.2%). Of course the strain energy scales proportionally to the
squared loading. In the superposition of the energy quantities the additional coupling term ΠiNM = N uM is present.
It corresponds to the work done by the applied normal force N when the subsequently applied bending moment M
translates the load application point by uM. Of course, uM is zero for symmetric crack configurations. The total strain
energy reads
Πi = ΠiN + Π
i
M + Π
i
NM =
Eˆ
E
 (NNˆ
)2
ΠˆiN +
(M
Mˆ
)2 ( wˆ
w
)2
ΠˆiM +
M
Mˆ
N
Nˆ
wˆ
w
Nˆ uˆM
 . (17)
Using Clapeyron’s theorem Π = −Πi and knowing that uM is zero in the undamaged configurations yields the difference
in total potential energy between cracked and uncracked state
∆Π =
Eˆ
E
(
wˆ
w
)2 (P
Pˆ
)2 ((
1 − Λ2
)
∆ΠˆN + Λ
2 ∆ΠˆM − 2
√
3Λ
√
1 − Λ2 Pˆ
wˆ
uˆM
)
. (18)
As Eqs. (16) and (18) show, only the dependence on the hole size and the crack lengths remains undetermined. If
all possible parameter configurations are to be investigated a set of about 80 000 linear elastic FEAs for the four
non-dimensional parameters ω, δ(1), δ(2) and δ(3) is required. The full analysis was completed within about 48 hours on
the standard desktop computer environment used for the present work.
With the stress and energy quantities available an optimization problem is to be solved in order to obtain the failure
load and the corresponding finite crack pattern. On any kinematically admissible crack pattern the smallest load needs
to be identified satisfying both, the stress and the energy criterion. Using the point method, Eq. (14), the failure load is
given by
Pf = min
∆a
{
P | σI(y) ≥ σc ∀ y ∈ Ω (∆a) ∧ G¯ (∆a) ≥ Gc
}
. (19)
As discussed for Eqs. (8) and (9), only crack patterns including ∆a(2) are considered. Therefore the solution of the
optimization with respect to all possible crack patterns can be split into consecutive steps: First, the minimum failure
load with respect to all possible crack lengths ∆a(2) is determined. In a second step the minimum out of all the loads
identified in step one is determined with respect to the crack length ratios ψA and ψB, cf. Eqs. (8) and (9). The two steps
yield the global minimum of the failure load for any possible crack configuration and thus provide the critical load Pf
as well as the associated finite crack pattern composed of ∆a(2) and ψ (either ψA or ψB). The optimization problem is
solved in the same manner for the line method, Eq. (15).
4. Cohesive zone model
Considering the critical loading of open-hole plates, experiments reported in literature cover only special cases
like uniaxial tension loading of symmetric structures and thus, symmetric cracking. In order to tackle asymmetric
crack onset asymmetric structures or non-uniform loading are necessary. For the present case of non-uniform loading
through a combination of tension and bending a cohesive zone model (CZM) in a FE model can be used as a numerical
reference solution. A comparison to FFM for arbitrary bending load contributions Λ is possible. A number of studies
which report the successful application of CZMs for the prediction of failure loads of for example notches (Gómez
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loading for pure strength of materials assessment.
and Elices, 2004) or open-holes (Backlund and Aronsson, 1986; Shin and Wang, 2004) are available in literature. The
model combines a stress based damage initiation criterion with an energy based damage evolution law in order to model
crack growth along predefined paths. It requires numerical regularization and non-physical parameters such as the
cohesive element length. However, good results with respect to the accuracy of predicted failure loads can be obtained.
For the present work, finite thickness cohesive elements from the Abaqus element library are placed along the
vertical symmetry axis of a full model of the plate (cf. Fig. 1) where the cracks are expected. The structure is loaded
until rupture by combination of translational and rotational displacements. A maximum principal stress criterion
σI
σc
= 1 , (20)
is used as the damage initiation criterion. Damage evolution is controlled by a linear degradation of the element stiffness
after damage initiation. Cohesive elements are removed from the model when the overall rate of released energy equals
the fracture toughness
Gc =
∫ δf
0
σ(δ) dδ , (21)
where δf denotes the separation at complete debonding and Gc corresponds to the mode I fracture toughness. Prior to
damage initiation σ(δ) represents the continuum element response. After damage initiation σ(δ) is a linearly decreasing
function of δ.
The failure load is identified as the peak load in the load-displacement chart. Viscous regularization virtually
increases the fracture toughness and can lead to overestimation of the failure load. Thus, the viscous regularization
parameter µ is controlled carefully in a parametric convergence study. For the employed regularization parameters
µ ≤ 5 × 10−6 the dissipated energy is sufficiently small with respect to the strain energy, Πdiss ≤ 10−3 × Πi. The,
sufficiently accurate failure loads can be expected.
5. Results and discussion
For the limit case of uniaxial tensile loading of open-hole plates experimental results from literature allow for the
validation of the presented FFM model. Camanho et al. (2012) report failure loads for open-hole quasi-isotropic Hexcel
IM7/8552 laminate specimens. Fig. 4 compares their data to results of the FFM model for both point and line method.
Overall the predictions agree well with the experiments. All line method results lie within the margin of error of the
specimen tests. Compared to the point method, the line method provides conservative predictions.
Open-holes are well known to exhibit a size effect, i.e. an increased failure load for reduced structural dimensions. It
is repeatedly reported in experimental studies, e.g. by Kim et al. (1995) or Li and Zhang (2006). As shown in Fig. 5,
the size effect is rendered by both failure models examined in this work. The FFM and CZM predictions agree well
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in this regard. Fig. 5 also shows that the critical normal force load obviously decreases with increased superimposed
bending loading. However, the size effect is observed for any combination of tensile and bending loading.
Fig. 6 shows the FFM failure loads Pf and the associated non-dimensional finite crack lengths δ(i) as well as the
CZM predictions with respect to the amount of bending loading Λ. For uniaxial tension, Λ = 0, symmetric cracks at
the hole δ(2) = δ(3) are predicted. With superimposed bending loading a single crack on the bending tension side of the
hole δ(2) is expected to originate. At a critical bending load contribution a transition from the single crack at the hole
δ(2) into a single edge crack on the bending tension side δ(1) occurs. Here, the failure is bending dominated. The change
in observed crack pattern is linked to a kink in the failure load curve. The kink appears for both FFM models as well as
for the CZM approach. While FFM and CZM predictions agree well for a wide range of bending load contributions, at
Λ = 0.9 a deviation is apparent because the prediction of the location of the failure load kink differs between the FFM
and CZM approaches. For pure bending, Λ = 1.0, both models are in agreement again.
Fig. 7 shows the dependence of the predicted crack patterns on the amount of bending loading and the hole size. The
most dominant failure mode is a single crack at the hole on the bending tension side. Only for comparatively small hole
sizes other crack patterns emerge. For small holes and a small bending load contribution cracks of uneven length at the
hole are expected. The larger the bending loading the longer the crack on the bending tension side compared to the one
on the bending compression side. For uniaxial tensile loading, Λ = 0, symmetric cracks at the hole are predicted for
any hole size ω. At small holes subject to large fractions of superimposed bending a single edge crack on the bending
tension side originates. The transition from single crack on the bending tension side of the hole and single edge crack is
sudden. No crack configuration involving both these cracks is observed. A crack pattern including all three cracks is
only possible at the junction of all three domains. Hence, the simplification of considering only patterns of two cracks
introduced in Section 2 is justified. Asymmetric crack patterns are only observed for small structures. Therefore, a plot
for a plate of the width w = 5mm is shown. In particular the domain in the bottom left corner of Fig. 7 decreases in
size as the width is increased. The used material properties correspond to properties of PMMA (adjusted by Hebel et al.
(2010) in order to account for non-linearity effects).
6. Conclusion
The presented finite fracture mechanics model reduces the number of free structural and material parameters
describing the open-hole plate subject to combined tensile and in-plane bending loading to only four. The derived
closed-form analytical expressions in combination with a numerical parametric study of the remaining four parameters
allow for an efficient and comprehensive analysis of crack onset. Critical load predictions of the present model were
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found to agree well with experiments and a cohesive zone model. Crack patterns obtained from the finite fracture
mechanics model indicate the onset of a single crack emanating from the open-hole on the bending tension side as
the most prevalent failure mode. Asymmetric crack patterns are predicted for small holes and a small amount of
superimposed bending loading.
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